Abstract
I. Introduction
Before reviewing previous results and their motivations, we define the objects considered here. where each |s N is a standard basis element. The quantum Fourier transformation F N1×N2 on C N1 ⊗ C N2 is obtained by identifying C N with C N1 ⊗ C N2 under the mixed-decimal representation, which asserts the equalities |s N = |kℓ N1,N2 = |k N1 ⊗ |ℓ N2 * Email: jet@math.harvard.edu † current address 1 This is also called the discrete Fourier transform.
Definition 2 Let H and K be finite-dimensional Hilbert spaces, and let F be a nonzero linear transformation on H ⊗ K. An (operator) Schmidt decomposition of F is a decomposition of the form
where 
2 and all the λ k are equal.
The well-known procedure for computing Schmidt decompositions is given in Theorem 7 of the Appendix. We content ourselves here with the remark that a Schmidt decomposition always exists and that Sch (F ) is well-defined. Furthermore, the set of coefficients with corresponding multiplicities are independent of the choice of decomposition. 
A. Previous results and motivations
The first special cases of Schmidt decompositions of the quantum Fourier transform were computed by Nielsen [2] to illustrate his study of coherent quantum communication complexity. He considered the following problem:
Suppose Alice is in possession of m qubits, Bob is in possession of n qubits, and they wish to perform some general unitary operation U which acts on their m + n qubits. How many qubits must be communicated between Alice and Bob for them to achieve this goal?
Nielsen proved that the number Q 0 (U ) of such bits was bounded by
where the Hartley strength K Har satisfies
The upper bound of (2) is trivial, for Alice could simply send her bits to Bob and let him send them back after performing U, or vice-versa. To illustrate his theorem, Nielsen computed that K Har (F 2 n ×2 n ) = 2n, yielding 2 but not necessarily bases 3 If A is a linear operator on H, then A † is defined by x, Ay H = A † x, y H for all x, y ∈ H. Here •, • H is the inner product on H, and we will always take inner products to be linear in the second argument. 4 For a discussion of the Schmidt decomposition, see [1] .
n ≤ Q 0 (F 2 n ×2 n ) ≤ 2n. Subsequent unpublished work by Nielsen [3] improved the general lower bound of (2) by a factor of two, in particular implying that
In a later paper [4] , Nielsen and collaborators further employ operator Schmidt decompositions in the quantitative study of strength measures of the nonlocal action of unitary operators.
5 Besides revisiting the Hartley strength, among the several strength measures considered is the Schmidt strength,
where U is a unitary operator on H ⊗ K, {λ k } are its Schmidt coefficients, and H is the Shannon entropy. They give a Schmidt decomposition of F 2 m ×2 n for the case m ≤ n and conjecture that Sch (F 2 m ×2 n ) = 2 2n for m > n.
B. Results
In this note the Schmidt decomposition of F N1×N2 for all N 1 , N 2 > 1 is given, with no requirement that either N 1 or N 2 be a power of two. As a special case, the conjecture of Nielsen and collaborators is affirmed. Once stated, the decomposition is easily verified; a short derivation is given in the Appendix.
II. Schmidt Decomposition of F
y ∈ Z}, ⌈x⌉ = min {n ∈ Z | n > x}, and ⌊x⌋ = − ⌈−x⌉. Denote the cardinality of a set C by |C|. Its characteristic function χ C satisfies
Adopt the convention n mod m ∈ Z m .
Theorem 4 Define an equivalence relation
and define M = Z 2 N2 / ∼ to be the set of equivalence classes. Then a Schmidt decomposition of F N1×N2 is given by
where the matrices of A C : C N1 → C N1 and B C : C N2 → C N2 are defined by
with each (c 1 ,c 2 ) ∈ C arbitrarily chosen.
(A C doesn't depend on this choice.)
Proof. It is trivial to check that {A C } and {B C } are orthonormal sets. Furthermore, for k 1 , k 2 ∈ Z N1 and ℓ 1 , ℓ 2 ∈ Z N2 ,
as desired. The reader may find it instructive to compute the linear spans of the matrices B C corresponding to each of the Schmidt coefficients. 
In all cases, the Schmidt number of F N1×N2 is min N We remark that the previously known cases fall under Case 1. Case 2 verifies the Schmidt numbers conjectured in [4] . Since the Schmidt decomposition in Case 1 (or Case 2) is completely degenerate, Theorem 7 (below), may be used to find a Schmidt decomposition of the form of equation (1) for any orthonormal basis {A k } (or {B k }, in case 2).
Derivation. We follow the prescription of Theorem 7. The reduced density superoperator ρ ∈ B B C N2 is defined by
where E runs over a basis of B C N1 . For each ℓ ∈ Z 2 N2 , define the standard basis element F ℓ = |ℓ 1 ℓ 2 | ∈ B C N2 . Taking a few inverse-Fourier transforms, one easily computes the matrix entries
(A2) The spectral decomposition of ρ into a linear combination of projections may be simply read off from the asymptotic n → ∞ behavior of (A2) to the power of n ∈ Z + . 8 One need not do this, however, for using the identity
equation (A2) may be rewritten as
where the B C are orthonormal, as noted before. The A C are easily computed using (A1).
